The primitive representations of binary positive definite, classically integral quadratic forms over the local rings Z p are studied. For the global ring, an efficient method is obtained for determining when a quadratic form is primitively 2-universal.
§1. Introduction
In 1993, J. Conway and V. Schneeberger announced the 15-theorem, in which they gave a criterion for determining when a positive definite, classically integral (or with an integer matrix) quadratic form represents all positive integers. More precisely, they proved (unpublished) that any positive definite, classically integral quadratic form that represents the set of nine critical numbers S 1 = {1, 2, 3, 5, 6, 7, 10, 14, 15} is universal. In 1999, M. Bhargava published the paper [1] , in which a simpler proof of the 15-theorem was given. He also showed that there exist exactly 204 universal positive definite, classically integral quaternary quadratic forms.
Today we can indicate at least four directions in which the universality problem for quadratic forms is being developed:
• the multidimensional analog of universal forms (m-universal forms) (see [2, 3] ); • universal forms over (totally) real number fields (see [4, 8] ); • almost universal forms (see [9] - [13] ); • "even"/"odd"/"prime" universality (representation of all even/odd/ prime numbers) (see [14, 15] ).
Then, the problem of studying primitively universal forms arises naturally. Primitive representations play an important role in finding the number of representations. A quadratic form Q is said to be (primitively) m-universal if it represents (primitively) all positive definite, integral forms A of dimension m. The universal forms are closely related to the so-called regular forms. A positive definite, integral quadratic form Q is said to be m-regular if Q represents each quadratic form of dimension m represented by the genus [Q] . It is obvious that every m-universal form is an m-regular form. In [16] , Oh proved that for m ≥ 27, every m-regular form is m-universal.
In [17] , Earnest proved that there exist only finitely many 2-regular primitive, positive definite, integral quaternary quadratic forms. Later, B. Kim, M. Kim, and Oh [3] showed that 2-universal quaternary quadratic forms do not exist. (Consequently, dim Q = 5 is the smallest possible dimension for the 2-universal integral quadratic forms Q.) They found all positive definite, classically integral quadratic forms of dimension 5 that represent all positive definite, classically integral, binary quadratic forms (see Table 9 ), and they 436 N. V. BUDARINA obtained a similar criterion for 2-universality (see [3] ):
We consider primitive representations of quadratic forms; our studies are devoted to searching for similar efficient criteria of universality for primitive representations. In our paper [18] , we presented an efficient method for determining when a positive definite, classically integral quadratic form of dimension at least four and with square-free odd determinant is primitively almost universal. A quadratic form is said to be (primitively) almost universal if it represents (primitively) all positive integers except for finitely many of them.
Theorem 1 (see [18] ). Let Q be a positive definite, classically integral quadratic form of dimension at least 4 with square-free odd determinant. Then the form Q is primitively almost universal if Q primitively represents over Z each positive integer in the set S 3 = {1, 4, 8}. If the form Q with the properties described above is unique in its genus [Q] (i.e., h(Q) = 1), then Q is a primitively universal form.
In the present paper, we study primitive representations of binary forms over the local rings Z p . An integral form Q is said to be locally primitively 2-universal if Q is primitively p∼universal for every prime p, i.e., if Q represents all binary forms with integral p-adic coefficients over the ring Z p . In §3, devoted to primitive representations of forms over an odd local ring Z p , we obtain a result on primitive p∼universality of some special forms Q. §4 is important and new; in it we construct minimal embeddings of forms A in forms Q of odd determinants over the ring Z 2 . §5 contains the main results and their applications. In particular, we obtain an efficient method for determining when a quadratic form is primitively 2-universal. Theorem 2. Let Q be a positive definite, classically integral quadratic form of dimension at least 5 with square-free odd determinant |Q|, and let h(Q) = 1. Then the form Q is primitively 2-universal if for every odd prime p dividing |Q|, the form Q primitively represents over Z each binary form in the set S 4,p = 1 0 0 1 , 2 2 1 1 2 , 8 1 0 0 7 , p 2 1 0 0 1 . Example 1. Consider the quadratic forms Q 1 = 3x 2 1 + 6 j=2 x 2 j and Q k = k i=1 x 2 i , 5 ≤ k ≤ 8, which are one-class forms (i.e., h(Q i ) = 1). The forms Q 6 , Q 7 , and Q 8 are primitively 2-universal, and the forms Q 1 , Q 5 are not. §2. Primitive representations of forms
We pass from the ring Z to the ring of p-adic integers Z p and consider primitive representations over the local ring Z p . We denote by Z × p the group of units of the ring Z p .
2.1.
Let Q = t Q be a nonsingular symmetric matrix of size n in the set M n (Z p ) of matrices with entries in Z p , and let A = t A be a similar matrix in M m (Z p ) of dimension 1 ≤ m < n. We identify the matrices Q and A with the quadratic forms determined by them. The form A is primitively represented by the form Q if there exists a matrix b ∈ M n,m (Z p ) satisfying
an augmented matrix B = (b|e) belonging to the unimodular group SL ± n (Z p ) of matrices M with entries in Z p and with determinant |M | = ±1. With respect to the group SL ±1 n (Z p ), the form Q is equivalent to the integral form
which is equal to the direct sum of the forms A and G = Q − A −1 [C] . We fix a nonzero p-integer a = {a} · |a| −1 p , where |a| p = p −ν p (a) denotes the p-norm of a, such that the matrix aA −1 has integral entries and ν p (a) = 0, 1, 2, . . . is minimal under this condition, i.e., a is the p-adic analog of the level of a quadratic form over the ring Z of rational integers. Then we obtain the decomposition
From (4) we deduce that the determinant (6) |G| = a n−m |Q| |A| of the form G does not depend on the choice of the primitive representation b in (1). If we exclude the dependence on the choice of B from the sequence [19] ). The equivalence classes {G} of forms are considered relative to SL ± (Z p ). We denote by pb Q,A the set of all primitive representations b in (1) and by pb Q,A ({G}) the set of representations b corresponding to the class {G}. Since |G| is determined by the forms A and Q, it follows that pb Q,A splits into a finite number of sets pb Q,A ({G}):
Conversely, for an arbitrary solution G as in (5), the form
is integral and is equivalent to the initial form Q.
Let C A G (Q) be the set of matrices C for which the form (8) belongs to the class {Q}. Now we fix a class {G} and exclude the dependence on B from b → B → C, obtaining [19] ).
Two forms A and G are coupled if the set Ext(G, A) of coupling matrices C from (8) is nonempty. The partition (7) has a dual partition (10) Ext
which is finite by (6) . The case of coprime a and |Q| (a is the level of the form A) was studied in [19] , where it was shown, for example, that for odd p's that do not divide |Q|, the class {G} Z p is uniquely determined by the forms A and Q. In the case where a and |Q| have a common divisor, the representations (1) ramify, and the form A and the genus [Q] no longer determine the genus [G] of forms G uniquely. In particular, this is shown by the partition into different orbits {b} of the set of primitive representations b : Q[b] = A over the local rings Z p for primes p that divide both a and |Q|. All the orbits are split into the sets pb Q,A ({G}) enumerated by a finite number of classes {G} = {G} Z p , and this yields a "rough" classification of orbits. Inside the above sets, there is a one-to-one correspondence between the orbits {b} and the O(G)-orbits {C} of matrices C that couple the forms A and Q; this is a "subtle" classification of the orbits {b}. The ramification of representations over Z p , p = 2, along with arithmetic applications, were presented in [20, 21, 22] . Difficulties emerge in considering the representations of forms over the even ring Z 2 , which ramify even if the determinants are relatively prime.
2.2.
At the beginning of the paper, we used the language of quadratic forms, but sometimes it is more convenient to use the language of lattices. By a lattice L we mean a free Z p -module of finite rank with nondegenerate symmetric bilinear form (·, ·) L with values in the ring Z p . If e = (e 1 , . . . , e n ) is a basis of the lattice L, then Q = t e·e = ((e i , e j ) L ) n×n is its Gram matrix, which is integral and nonsingular. If e 0 = eU is another basis of L, then U is an integral matrix with determinant in Z × p , and the Gram matrix Q 0 = t e 0 ·e 0 = Q[U ] is equivalent to Q. Identifying isomorphic lattices, we obtain a bijection L → {Q}.
An embedding i : M → L of a lattice M of dimension 1 ≤ m ≤ n in L is an embedding of the Z p -module M in L satisfying (x , y ) M = (i(x ), i(y )) L . Let e be a basis of the lattice M , and let A = t e · e be the Gram matrix. Then i(x ) = b · x for b ∈ M n,m (Z p ) and, moreover, Q[b] = A. We shall write b : A → Q and say that the quadratic form A is embedded in the form Q. Conversely, any embedding b of the form A in Q gives an embedding i of the lattice M in L. Thus, embeddings of lattices give rise to embeddings of quadratic forms for the bases chosen in the lattices.
For lattices, the primitivity of an embedding i : M → L means that L/i(M ) is a free Z p -module. Next, an embedding i is decomposable, i.e., i = i 1 ⊕ i 2 , if there exist decompositions of lattices into the orthogonal sums M = M 1 ⊕ M 2 , dim M j ≥ 1, j = 1, 2, and L = L 1 ⊕ L 2 such that the restrictions i j = i| M j determine embeddings i j : M j → L j , j = 1, 2. If the inclusion iM ⊂ L 1 into an arbitrary sublattice L 1 and the decomposition L = L 1 ⊕ L 2 imply that L 1 = L, then i is called the minimal embedding of dimension dim L. §3. Primitive representations of forms over an odd local ring Consider local representations of forms A by forms Q over Z p . Moreover, it is necessary to distinguish the case of odd p from the case where p = 2.
For p odd, for a nondegenerate form Q ∈ M n (Z p ) the p-adic symbol can be represented (see [23] ) as
This means that the matrix Q over Z p has the Jordan decomposition Q =Q q , where the forms Q q ∈ GL(Z p ) have dimensions n q (Q) and signs q (Q) = |Q q | p ; * p is the Legendre symbol. The summands qQ q are called the Jordan constituents of scale q. Existence conditions for the Jordan constituents qQ q can be found in [23] .
3.1.
First, we consider quadratic forms with Z p -integral symmetric matrices Q = Q 1 of determinant |Q 1 | ≡ 0 (mod p) for odd prime p. Using the reduction theory for quadratic forms over the local ring Z p , p = 2 (see [24] ), we may assume that A = A 1 ⊕ A ≥p , where the block A 1 has maximal dimension under the condition |A 1 | ≡ 0 (mod p). Denote by a = p α the level of the form A over Z p . If the odd prime p divides |Q 1 |, then the integral form G in the congruence (5) must satisfy the following restriction over Z p (see [19, (6.14) ]):
For this reason, we assume that
The set C A G = c A G / mod A contains a unique orbit {C} composed of the classes CS/ mod A, where S ranges over the group of integral automorphisms O Z p (G). Using the bijection (9) between the orbits {C} and the O Z p (Q)-orbits {b} over the ring Z p on the set of primitive representations Q[b] = A, we deduce that all solutions b constitute one orbit {b}. By (5), the orbit {C} contains the representative C = 0 0 1 0 , and then, by (8) , the form Q decomposes into the following direct sum:
is a hyperbolic form of dimension 2m ≥p , m ≥p = dim A ≥p . This means that the embedding b :
Here the difference X Y is any form W in the decomposition X ∼ p Y ⊕ W , which is determined uniquely (up to equivalence over Z p ) for odd p, and nonuniquely in the general case for p = 2. The existence of the difference of forms X Y is equivalent to the condition Y ≤ X. The embedding
If we decompose the blocks A 1 and A ≥p into one-dimensional summands A 1 = i A 1,i and A ≥p = j A ≥p,j , then b min decomposes into a direct sum of minimal indecomposable embeddings
of dimensions 1 or 2, respectively. From the decompositions (11) and (12) it follows that, up to equivalence over Z p , the form G is uniquely determined by the forms A and Q. For the form G, we have (14) G = −aA −1 ≥p ⊕ a(Q J(A)). The decomposition (12) implies the proposition below.
Proposition 1 (see [22] ). If p is odd and p does not divide the determinant |Q|, then the form A can be primitively represented over Z p by the form Q only if J(A) ≤ Q.
3.2. Now, let the odd prime p divide |Q|, and let the form Q have the following Jordan decomposition over Z p :
where the nonsingular blocks |Q 1 | and |Q p | ≡ 0 (mod p), p = 2, have dimensions dim Q 1 = n − 1 and dim Q p = 1 (i.e., the prime p occurs in the determinant |Q| to the first power). In this case, the set of primitive representations b : Q[b] = A over the local ring Z p splits into several distinct orbits {b}.
Theorem 3 (see [22] ). For a form
has a primitive solution if and only if at least one of the following forms exists:
The block J(m ≥p − 1) denotes the hyperbolic form 0
In the notation of Subsection 3.1, let the form A of dimension m admit a decomposition
, with blocks A p and A ≥p of dimension m p and m ≥p . Consequently, if n + 1 > m + m ≥p and m p > 1, then the form A is freely (i.e., in more than one way) primitively embedded in Q. Otherwise, A is not embedded in Q primitively, i.e., it is embedded rigidly. Theorem 3 easily implies the following sufficient conditions: a first type embedding b I :
Now we clarify the question as to when a quadratic form Q in (15) of dimension 5 primitively represents all binary forms A over Z p . Formulas (18) and (19) impose conditions on the shape and dimension of the blocks of A; for this reason it is necessary to consider six types of Jordan decompositions of binary forms A over Z p , p = 2.
The form G I exists, because condition (18.1) is satisfied. Using formula (16), we deduce that
The form G II does not exist, because none of conditions (19) is fulfilled.
The binary form A = pA p of level a = p has the p-symbol p A = p p (A) 2 . From formula (18.2), we derive that the form G I exists if 1 (Q) = −1 p 2 = 1. Using formula (16) , we
The binary form A has the p-symbol p A = (p α 1 ) p α 1 (A) 1 (p α 2 ) p α 2 (A) 1 and a = p α 2 . From (18.2), we see that the form G I exists if 1 (Q) = −1 p 2 = 1. By (16), we have
and
The form G II does not exist, because none of conditions (19) is fulfilled. (19) is fulfilled.
The binary form A of step a = p has the p-symbol
Type 6:
The binary form A of level a = p α 1 has the p-symbol p A = p p (A) 1 (p α 1 ) p α 1 (A) 1 . From (18.2) we conclude that the form G I exists if 1 (Q) = −1 p 2 = 1. By (16), we have
In the table below, we collect the above existence conditions for the forms G I and G II , obtained when embedding the binary forms A in forms Q as in (15) of dimension 5.
The said above allows us to state the following proposition.
Similarly, we obtain Table 2 , which contains embeddings of binary forms A in forms Q as in (15) of dimension n ≥ 3 (n = 5) over Z p . The sign +/− denotes the presence/absence of an embedding of forms A, and the sign + i , i = 1, 2, 3, 4, corresponds to the existence of an embedding of forms A under the condition 1 (Q) = 1 (A), 1 (Q) = −1 p , p (Q) = p (A), and 1 (Q) = 1 (A) −1 p , respectively. In accordance with Table 2 , the forms Q in (15) are not primitively p∼universal for n = 3, 4, while for n ≥ 6 the forms Q are primitively p∼universal without any conditions on their Jordan constituents. Table 1 A 
The analysis of Tables 1 and 2 yields the following result.
Theorem 4.
A form Q = Q 1 ⊕ pQ p such that dim Q = n and dim Q p = 1 is primitively p∼universal, p = 2, if one of the following conditions is fulfilled: 1) n = 5 and 1 (Q) = +1; 2) n ≥ 6. §4. Primitive representations of forms over Z 2
Primitive representations of A by a form Q over the even ring Z 2 begin to ramify and depend heavily on the invariants of the forms A and Q. We want to find existence conditions for primitive representations of binary forms A.
4.1.
The local classification of the quadratic forms Q over Z 2 is significantly more complicated. This is explained by the presence of two additional invariants, which leads to the necessity of modifying the 2-adic symbols. Over Z 2 , a nondegenerate form Q ∈ M n (Z 2 ) has a Jordan decomposition Q =Q q with scales q = 2 α , α = 0, 1, 2, . . . , and Q q ∈ GL(Z 2 ). The p-adic symbol is
(see [23] ); moreover, n q (Q) = dim Q q and q (Q) = |Q| 2 are, respectively, the dimension and the sign of the Jordan constituent qQ q , where
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is the Jacobi-Legendre symbol; the symbol ξ q (Q) = I, called the type of Q q , takes the values I or II for odd and even forms Q q , respectively; t q (Q) is called the oddity of Q q and is determined modulo 8. Existence conditions for qQ q were given in [23] . Let the determinant of the form Q be an odd number, and let
where a = 2 ν is the level of the form A, and the symmetric matrix Q satisfies the congruence
if the matrix Q is odd or even, respectively. The congruence≡ means that Q ∈ M k (Z p ) is an even matrix, i.e., it has an even diagonal. Over the ring Z p = Z 2 , a quadratic form reduces as follows:
(see [23] ). For this reason, we may assume that
are satisfied for p = 2 and odd |Q|.
In the congruence (5), C mod A can be taken in the form 0 C . Using (22), we obtain
By (26), it suffices to consider the form A = A ≥p , i.e., A ≡ 0 (mod 2). Using (5) and (25), we obtain
By (28), up to equivalence over GL(Z 2 ), we have the matrix congruence
where the symbol * ≡ means ≡ for odd forms Q = Q I and≡ for even forms Q = Q II .
4.2.
Consider the one-dimensional case: A = qA q , dim A q = 1, with step a = q = 2 α , α ≥ 1 (see [25] ). The congruence (29) means that
In (5) we take C = (C 1 |0 . . . |0), where the number C 1 satisfies the condition C 2 1 ≡ 1 (mod q) and
By (26), we have Q = J(qA q ) ⊕ G q , where the embedding J(qA q ) is minimal for the form A = qA q , dim A q = 1. From (30) and the previous decomposition, it follows that
where the minimal embeddings J(qA q ) of dimension 2 are as follows:
Straightforward calculations yield all invariants of the forms J = J(qA q ):
for α = 1:
for α = 2:
for α ≥ 3:
|J(qA q )| ≡ −1, t(J(qA q )) ≡ 0 (mod 8).
(33) By (26), the general forms A = A 1 ⊕ qA q , dim A q = 1, give the decomposition
where J(A) = A 1 ⊕ J(qA q ).
4.3.
First, consider the forms A = qA q with an odd block A q of dimension 2. The local classification over Z 2 implies that A q is one of the following six diagonal forms:
The signs + and − denote the sign of the determinant, and the number of a form denotes its oddity t. The congruences G ≡ * −E 0 0 0 (mod q) impose the following restrictions on G:
For this reason, G 1 is one of the forms listed in (35). If A q = a 1 a 2 and G 1 = g 1 g 2 , then in formula (26) we set E = A q and C = (C 1 0), where the (2 × 2)-matrix C 1 is a solution of the matrix congruence
The case where q = 2 was studied in the paper [25] , where the minimal decomposable embeddings (36)
in the form Q of odd determinant were described for the binary forms A = 2A 2 with an odd block A 2 .
Next, let q = 4. The group SL 2 (Z/4Z) contains 48 elements. Searching through these elements, we see that the congruence A 4 [C 1 ] ≡ −G 1 (mod 4) is true only for the following matrices C 1 :
which form a group isomorphic to the group C 2 × C 4 . Here C k is the cyclic group of order k. By (26), the form Q decomposes as the follows:
with the embedding J = J(4A 4 ) minimal for the form 4A 4 . We describe the blocks J(4A 4 ) over Z 2 for each of the matrices C 1 in (37). For C
±1 (a 2 +g 2 )/4 . Direct calculation yields all invariants of the form J(4A 4 ) = J 1 ⊕ J 2 :
Consequently, the 2-symbol of the form J(4A 4 ) can look like this: if a 1 + g 1 ≡ 4(0) (mod 8) and a 2 + g 2 ≡ 0(4) (mod 8),
For C
Using the matrix analog of the reduction of quadratic forms to a diagonal form over the local ring Z 2 (see [20, 23] ), we see that the form J(4A 4 ) over Z 2 is equivalent to the form 4a 1 1 1 a 2 + a 1 +g 1
Direct calculation provides all invariants of the form J(4A 4 ):
Calculation of the 2-symbols of the form J(4A 4 ) yield formulas (39). For C if a 1 + g 2 ≡ 4(0) (mod 8) and a 2 + g 1 ≡ 0(4) (mod 8), where = a 1 a 2 g 1 g 2
2
.
and a 1 ≡ a 2 (mod 4), the block J(4A 4 ) can be represented as ⎛
and |J(4A 4 )| ≡ |A 4 | |G 1 | ≡ a 1 a 2 g 1 g 2 (mod 8). Over Z 2 the form J(4A 4 ) is equivalent to the following direct sum of forms:
where |J 1 | ≡ a 1 (4a 2 + g 2 ) (mod 8) and |J 2 | ≡ a 2 (4g 2 + g 1 ) (mod 8). Straightforward calculations yield all invariants of the form J(4A 4 ):
if a 1 + g 2 ≡ 4 (mod 8);
Calculating the 2-symbols of the forms J(4A 4 ), we get formulas (40). The above arguments enable us to represent, up to equivalence over Z 2 , the first blocks J(4A 4 ) in the decomposition (38) as follows:
, a 1 ≡ a 2 (mod 4).
(41) Table 3 is formed on the basis of formulas (39) and (40). The first row and the first column contain the 2-symbols of the binary forms G 1 and A = 4A 4 , and the 2-symbols of the forms J(4A 4 ) stand at the intersections of rows and columns. Now we pass to forms A = qA q with an odd block A q of dimension 2, q = 2 α , α ≥ 3. From (29) we obtain G = G 1 ⊕ qG q , where G 1 ≡ −A q (mod q). Therefore, G 1 is one of the forms given in (35), and we may assume that G 1 = −A q . In the congruence (5) we set E = A q and take C = (C 1 0), where C 1 is a solution of the matrix congruence A q [C 1 ] ≡ −G 1 (mod q). The group SL 2 (Z/2 α Z) contains 3 · 2 3α−2 elements.
First, let α = 3. The congruence A q [C 1 ] ≡ −G 1 (mod q) is valid for the following matrices C 1 :
these matrices form a group isomorphic to C 2 ×C 2 ×C 4 . The solutions C 1 in (42) provide decompositions of the form Q = J(qA q ) ⊕ G q . For every matrix C 1 in (42), we describe the block J(qA q ) up to equivalence over Z 2 :
In the case where a 1 = a 2 , we have
In all cases, |J i | ≡ −1 (mod 8) and t(J i ) ≡ 0 (mod 8), i = I, II.
In the general case where α ≥ 3, the solutions of the congruence
For each matrix C 1 in the group Γ 0 , the block J(qA q ) takes the form
. The form J(qA q ) over Z 2 is equivalent to
and the forms J(qA q ) determine minimal decomposable embeddings of the binary forms A = qA q , q = 2 α , α ≥ 3, with an odd block A q . Calculations show that, depending on the evenness/oddness of the blocks b 1 and b 3 , the form J(qA q ) may have the 2-symbol 1 +4 II or 1 +4 I,0 . In Table 4 , the first row and the first column contain the 2-symbols of the forms G 1 = −A q and A = qA q , q = 2 α , α ≥ 3. At the intersections of rows and columns, the corresponding forms J(qA q ) are given.
For the general forms A = A 1 ⊕ qA q , dim A q = 2, with an odd block A q , q = 2 α , α ≥ 1, formula (26) and the decomposition Q = J(qA q ) ⊕ G q imply the formula
where J(A) = A 1 ⊕ J(qA q ) and the 2-symbols of minimal decomposable embeddings J(qA q ) are calculated by formulas (36), (41), and (43), respectively; for α ≥ 2 they are given in Tables 3 and 4 , respectively.
4.4.
The forms A = qA q with an even block A q of dimension 2, q = 2 α , α ≥ 1, have a specific behavior over Z 2 . The local classification over Z 2 implies that A q is one of the following two indecomposable forms: 1 +4 I,0 , 1 +4
II
The signs + and − denote the sign of the determinant, the number of the form indicates its oddity t, and the sign II shows that the form is even. The case of q = 2 was studied by Zhuravlev in [25] , where automorphisms of the forms G 1 dual to A 2 were considered. Since E = A −1 2 ≡ A 2 (mod 2), G = G 1 ⊕ 2G 2 , and, by (29), G 1 ≡ −E (mod 2), it follows that the forms A 2 and G 1 are Z 2 -equivalent to one of the forms in (45). Taking C = (C 1 0) in (26), where C 1 is viewed modulo 2, we deduce that the congruence
. Its solutions constitute the group
is the automorphism group of the hexagonal lattice. The Z 2 -equivalence class of the form Q as in (26) for C 1 from (48) depends on the coset of C 1 · O Z (G 1 )/ mod 2 (see [20] ). From the matrix representation it follows that O Z (0 + II ) is a subgroup in O Z (0 − II ), but not a normal subgroup, and O Z (0 − II )/O Z (0 + II ) = {1, σ, σ 2 } is the set of its cosets, σ = 0 −1 1 1 . Thus, to calculate the invariants of the form Q in (26), we can restrict ourselves in the congruence (46) to the solutions C 1 = 1 0 0 1 for G 1 = 0 − II and C 1 = 1 0 0 1 , 0 1 1 1 , 1 1 1 0 for G 1 = 0 + II , respectively.
Using the said above and formula (26), in [25] Zhuravlev obtained all distinct minimal indecomposable embeddings J(2A 2 ) of binary forms 2A 2 with an even block A 2 over Z 2 and computed their 2-symbols:
for 2 2A 2 = 2 β 1 2 II and 2 G 1 = 1 β 2 2 II , β 1 β 2 = −1, β i = ±1. Now we pass to the next case of forms A = qA q , where q = 2 α , α ≥ 2, dim A q = 2, and the block A q is even. From (29) we see that (mod q) , the forms A q and G 1 are equivalent to one of the forms (45) over Z 2 . In formula (26) we set E = A q and C = (C 1 0), where the (2 × 2)-matrix C 1 is a solution of the matrix congruence
which splits into two congruences 0 + II 
where c = ±1, ±3, . . . , ±(q/2 − 1) are odd numbers and cc − 1 ≡ 1 (mod q) . The order of the group Γ 1 is equal to 2q, and Γ 1 is isomorphic to the group
For such C 1 , formula (26) yields the decomposition
If q = 4, the group Γ 1 contains eight matrices C 1 :
and is isomorphic to the group C 2 × C 2 × C 2 . To compute the blocks Q modulo 8, we take the following matrices G 1 :
This choice guarantees the presence of two parity types of the block Q for every matrix C 1 and, respectively, yields two types of the forms J(4A 4 ), nonequivalent over Z 2 :
with the 2-symbols 1 +4 I,0 and 1 +4 II . The above forms J(4A 4 ) determine the minimal indecomposable embeddings of the binary forms A = 4A 4 , A 4 = 0 +2 II , over Z 2 . Considering the cases where q ≥ 8, we may assume that G 1 = −A q . By formula (49), for the forms A q = 0 + II the matrices C 1 provide the following forms J(qA q ) of dimension 4:
Consequently, the J(qA q ) determine all distinct minimal indecomposable embeddings of the binary forms A = qA q , A q = 0 +2 II , q = 2 α , α ≥ 3, over Z 2 . Next, we consider the congruence 0 − II [C 1 ] ≡ 0 − II (mod q), q = 2 α , α ≥ 2; its solutions constitute the following group (a subgroup of SL 2 (Z/qZ)): Here c ∈ {±1, ±3, . . . , ±(q/2 − 1)} and cc − 1 ≡ 1 (mod q) . For q = 2 α , we define
Similarly, formula (26) for C 1 ∈ Γ 2 yields the decomposition (49) with the embedding
For q = 4, the group Γ 2 contains the following 24 matrices C 1 (including (50)):
they constitute a group isomorphic to the group C 2 × D 6 , where D 6 is the automorphism group of the hexagonal lattice, which is isomorphic to the dihedral group of symmetries of a regular hexagon.
To compute the blocks Q modulo 8, we take the following matrices G 1 :
≡ −0 − II (mod 4) and 2 G (i) 1 = 1 −2 II , i = 1, 2, 3. This choice guarantees the presence of two parity types of the block Q for every matrix C 1 and provides two types of the forms J(4A 4 ), nonequivalent over Z 2 , with the 2-symbols 1 +4 I,0 and 1 +4 II , respectively (we omit calculations, which are similar to these applied for the congruence 0 +2 II [C 1 ] ≡ 0 +2 II (mod 4)). When treating the cases where q ≥ 8, we may assume that G 1 = −A q . By formula (49), for the forms A q = 0 − II the matrices C 1 yield the forms J(qA q ) of dimension 4, which are equivalent over Z 2 to the following direct sum of forms:
where m 1 = 2c 2 +2cyz+2y 2 z 2 −2 q , and m 2 = 2(c −1 ) 2 +2x 2 z 2 +2xzc −1 −2 q , and det J 1 , det J 2 ≡ −1 (mod 8); consequently, det J ≡ 1 (mod 8). Therefore, the forms J(qA q ) given in (52) determine all distinct minimal indecomposable embeddings of the binary forms A = qA q , A q = 0 −2 II , q = 2 α , α ≥ 3, over Z 2 . Since the numbers m 1 and m 2 may be of any parity, we see that the form J(qA q ) may have the 2-symbol 1 +4 I,0 or 1 +4 II . The above arguments allow us is to compose Table 5 . The first row contains the 2-symbols of the binary even forms G 1 , the first column contains the 2-symbols of the binary forms qA q with an even block A q , and the intersections of rows and columns are occupied by the 2-symbols of the forms J(qA q ), q = 2 α , α ≥ 2.
If the form A = A 1 ⊕ qA q has an even two-dimensional block A q , then for the forms G we still have formula (44) in which G 1 = 0 ±2 II , J(A) = A 1 ⊕ J(qA q ), and the 2-symbols of the forms J(qA q ) are computed by formulas (47) for α = 1 and are given in Table 5 for α ≥ 2.
Consider the representations of the forms
with level a = q 2 , by forms Q with odd determinant.
With the help of the minimal embeddings for one-dimensional forms A = qA q over the ring Z 2 (see Subsection 4.2), we can find the local invariants of the forms J(A) = J(q 1 A q 1 ) ⊕ J(q 2 A q 2 ), dim A q 1 = dim A q 2 = 1 by straightforward calculations: Proof. We study the embeddings over Z 2 of binary forms A in forms Q that have odd determinant and dimension at least 5. For this, we use the results of Subsections 4.2-4.5.
For every form A = qA q , q = 2 α , α ≥ 1, and a block G 1 , we find the minimal embeddings J(qA q ). Next, we use the 2-symbols of the quaternary forms J(qA q ) to calculate the 2-symbols of the forms G = G 1 ⊕ qG q . The calculation of the 2-symbols of the forms qG q reduces to the following subtraction formulas for 2-symbols:
The operation is well defined only if the corresponding 2-symbol on the right exists (see [23] ). If two forms G and G belong to one and the same equivalence class {G} over Z 2 , then their 2-symbols are equivalent (2 G ∼ 2 G ) and are mapped one to the other by elementary transformations: fusion of oddities and signs walk along a train (see [23] ). If we agree to pose a common sign at a certain place of the trains occurring in the 2-symbols, then the bijection G ∼ 2 G ⇔ 2 can G = 2 can G is restored. First, we consider quadratic forms Q of dimension 5 with odd determinant. In this case, the 2-symbols of the forms G can be written explicitly. We show the calculation of the 2-symbol of the form G by the example of the embedding of the form A = 2A 2 , dim A 2 = 2, with the 2-symbol 2 A = 2 −2 I,4 in the form Q with the 2-symbol 
We see that the 2-symbols of the resulting forms G = G 1 ⊕ 2G 2 take three distinct values, but, upon reduction to the canonical form, only the symbol [1 2 2 −1 ] 7 is left. In Table 6 , this symbol is placed at the intersection of the row 2 −2 I,4 and the column 1 +5 I,7 . The first column of Table 6 contains the 2-symbols of the binary forms A = 2A 2 , and the first row contains the 2-symbols of forms Q of dimension 5 with odd determinant. At the intersections of rows and columns, the canonical 2-symbols of the form G of dimension 3 are given. An empty box means the impossibility of the respective embedding over Z 2 . Tables 7 and 8 contain the embeddings of two-dimensional forms A = qA q (with odd and even blocks A q ), q = 2 α , α ≥ 2, in Q with odd determinant and dim Q = 5; they are organized similarly. Here we have used tables and formulas of Subsections 4.3 and 4.4 and also formulas (54) for subtraction of 2-symbols. 
Using the techniques of minimal embeddings over Z 2 , in the same way we deduce the fact that, among the odd forms Q = Q I of dimension 6 with odd determinant, the forms with the 2-symbol 1 −6 I,0 represent no binary forms A with the 2-symbol 2 −2 II , and the forms with the 2-symbol 1 +6 I,4 represent no binary forms with the 2-symbols 4 ±2 Using the minimal embeddings of the one-dimensional forms A = qA q as in Subsection 4.2 and formula (34), we consider representations of the forms A = A 1 ⊕ qA q , dim A 1 = dim A q = 1, q = 2 α , α ≥ 1, by odd forms Q = Q I , dim Q ≥ 5, with odd determinant. Calculations show that the forms A = A 1 ⊕ qA q for q = 2, 4 are primitively embedded in odd forms Q = Q I , dim Q ≥ 5, with odd determinant. If q ≥ 8, then the forms A with the 2-symbols [ It remains to consider the representations of the forms A = q 1 A q 1 ⊕ q 2 A q 2 , dim A q 1 = dim A q 2 = 1, q 2 > q 1 ≥ 2, q i = 2 α i , i = 1, 2, by forms Q = Q I , dim Q ≥ 5, with odd determinant (see Subsection 4.5). The forms with the 2-symbols 1 +5 I,5 , 1 −5 I,1 , 1 −5 I,7 , 1 +5 I, 3 do not primitively represent the binary forms A = q 1 A q 1 ⊕ q 2 A q 2 , q 2 > q 1 ≥ 4, over Z 2 . The next forms with the 2-symbol 1 +6 I,4 do not primitively represent the forms A = q 1 A q 1 ⊕ q 2 A q 2 , q 2 > q 1 ≥ 8. The other forms Q = Q I , dim Q ≥ 5, with odd determinant represent the forms A = q 1 A q 1 ⊕ q 2 A q 2 , q 2 > q 1 ≥ 2, over Z 2 .
If n = dim Q is odd and Q = Q 1 , then the type of the form Q may only be odd, i.e., Q = Q I . For even dimensions n, also even forms Q = Q II arise, which represent only even forms A = A II over Z 2 . Consequently, the even forms Q = Q II are not primitively 2∼universal.
Proposition 3. Let Q be a positive definite, classically integral quadratic form of dimension at least 5 with odd and square-free determinant. If the 2-symbol of the form Q satisfies the 2∼universality condition in Theorem 5 and the p∼universality condition in Theorem 4 for every odd prime p that divides |Q|, then Q is a locally primitively 2-universal form.
Proof. We must show that all forms Q as in Proposition 3 are primitively p∼universal for all p = −1, 2, 3, 5, . . . . Over Z −1 , the positive definite forms Q primitively represent the positive definite forms A. (In the present context, R is denoted by Z −1 .)
For p = 2, if p | |Q| where |Q| is odd and square-free, the conditions of p∼universality are described in Theorems 5 and 4, respectively.
It remains to consider the case where p is odd and p ffl |Q|. In accordance with the behavior of the binary forms A over Z p , we obtain three kinds of minimal embeddings J(A):
of dimensions 2, 3 and 4, respectively (see Subsection 3.1). Since we consider forms Q with dim Q ≥ 5, the differences Q J(A) always exist (see [23] ). Consequently, the binary forms A are primitively embedded in Q = Q 1 , dim Q ≥ 5, over an odd ring Z p , p ffl |Q|.
5.2.
Next we prove Theorem 2, stated in the Introduction. First, we consider primitive representations of forms over the ring Z 2 . If Q = Q II is an even form, then the form A to be represented is also even. Consequently, if we adjoin any odd binary form of odd determinant, for example, 1 0 0 1 , to the critical forms, then the even forms Q = Q II will be removed from our consideration.
Analyzing Tables 6-8 and the behavior of the forms Q = Q I of dimension 6 and odd determinant |Q|, we conclude that for primitive representability over Z 2 it is necessary to add the forms 2 2 1 1 2 and 8 1 0 0 7 to the critical forms. The representability of the first form removes the forms with the 2-symbols 1 +5 I,±3 , 1 −5 I,±1 , and 1 −6 I,0 from our consideration, and the representability of the second removes the forms with the 2-symbol 1 +6 I,4 . Next, we consider primitive representability over Z p , where p is an odd prime that divides the square-free determinant |Q|. In accordance with Table 1 , to the critical forms we must add any form of type 3, for example, p 2 1 0 0 1 ; this condition removes the forms Q, dim Q = 5, with 1 (Q) = −1.
If p = −1 or p is an odd prime not dividing |Q|, then primitive representations of binary forms by forms Q, dim Q ≥ 5, always exist over Z p (see the proof of Proposition 3).
Remark 1. It should be noted that the choice of critical forms in Theorem 2 is nonunique. Table 9 together with their local invariants. All forms Q in Table 9 , except for the form Q 2 6 , are one-class forms. Using Theorems 4 and 5, we obtain the following result.
